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Introduction: quantum dots

electrons are confined in all three dimensions, e.g.

o regions of confinement for 2D electrons of size ~ 1 um

/
\
GaAs Al Ga, As ——1um

[adopted from Kouwenhoven, Marcus (1998)]

o metallic grains of Al, Au, Pd of size 1 + 10 nm
o large molecules

o short nanowires
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Introduction: Coulomb blockade

o charging energy of single electron
2
EC:;—C%NK for C=L=1um

o from classical electrostatics to quantum mechanics

—C,V,)? 5 A
% — H = E.(f — Ny)?,
nlk)y =klk),  No=CyVy/e

Eelst/Ec
2
1
0 CyVyle
k k+1

[Kulik, Shekhter (1975)]
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Introduction:

Coulomb blockade

I um =

o Kirchhoff's laws and energy conservation = Coulomb diamonds

dl/dV;,s (€2/h)
1 2 3 4

Va (V)

[adopted from Andresen et al. (2008)]

o differential conductance dI/dV as a function of bias and gate voltages
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Introduction: Coulomb blockade

o gate voltage dependence of conductance
0.3

T R0 o0 130
V (mV)
[adopted from Liisher et al. (2001)]
o temperature T'= 120 mK
o single-particle mean level spacing A = 2.3 K
o charging energy E. = 14.5 K

o no periodicity in gate voltage (peak heights and spacings are different) due to
o randomness of single-particle levels
o exchange interaction
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Introduction: exchange interaction

Variation of conductance-peak spacing

0.6

< 0.4
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Variation of conductance-peak height
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Alhassid, Rupp (2003)

o data points from Patel et al.
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Usaj, Baranger (2003)

o theory is applicable at relatively low temperatures T < A
o typical exchange interaction is .J ~ A /2
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Introduction: mesoscopic Stoner instability

o electrons with Heisenberg exchange interaction H = Hy + H

Variation of conductance-peak spacing

0.6

Variation of conductance-peak height

- E T
HO - Eaaa’gaa,o’ -
kT/A
a0
A2 Alhassid, Rupp (2003) /\?
Hy=-J8 L,

o
©

- JS=().4A °:

02 o 03
kBT/A

Usaj, Baranger (2003)
o equidistant spectrum is assumed: €511 — €, = A
o if the energy diff. between the GSs with the total spin S and S + 1
Esy1— Es=(2S+1)A—-J(25+2) <0,

the GS has nonzero total spin S
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Introduction: mesoscopic Stoner instability

5/ : g_ 2 A

- = A —
2B =) at J < J

in thermodynamic limit N — oo,
spin per electron

A
S/N — {0’ J<

1/2, A<J

0 02

o large energy scale: renormalized exchange interaction

JA
A—J
o Curie law for spin susceptibility
1SS +1) 1 (J*

2
o T "
J)’ < J

Jo=2J8 = > J at A-J<A

3 T 12T

[Kurland, Aleiner, Altshuler (2000)]
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Introduction: the question

how the mesoscopic Stoner instability and the spin susceptibility
are affected by tunneling of electrons to/from a reservoir?
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Model: hamiltonian H = Hga + Htun + Hres

o universal Hamiltonian for an isolated metallic QD
[Kurland, Aleiner, Altshuler (2000)]

2 J 2
_ T + . _J 1
(03 ) ’ ! )
Hyq = E €aly oOa,0 T Ec aly 0,0 — No 1 Al vO o0 Qa0
o, «,0 «,0

[¢]

the tunneling Hamiltonian Hy, = Zk’a’a tk,ad;gaaﬁ +h.c.

electrons in the reservoir H,os = Zk,o ekdlﬂdk’ﬂ

o

tunneling conductance g = 472 3" |tk o|?0(ex)0(ca)
k,a

o

o assumption: g > 1 (allows us to neglect the charging energy)
o assumption: 0 < A —.J < A (deep in the mesoStoner phase)
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Effective action: integrating out fermions

o Hubbard-Stratonovich transformation with the vector field ®(7):

B 2
exp Z/dT (Z alygawlaaﬁ)
0

a,o

B B
P2 1
—exp |— dTﬁ —— [ dr®(r Z aa . S

0 0 CKO'O'

<

o effective action in the imaginary time (éna’ = €000 ):

1 , o .
77/d7<1> fTrln(78776+§a'<I>fE>
0

o self-energy due to tunneling to the reservoir (¢, = 7T'(2n + 1)):
A 7/)/
oza’ Zt _Gk tka’ - Yaal (lsn) = ——sgn e lan
™

N ~v=gA/4
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Effective action: integrating out fermions

o effective action in the imaginary time (éno/ = €a0aa’):

B
1 9 1 A
S—B/dr@ —Trln(—@T—e—l—ia(I’—E)

o self-energy due to tunneling to the reservoir (¢,, = 7T (2n + 1)):

~ ) 7
oza’ Z ty _ek tka’ - Yaal (7,5‘”) = _% sgn Endaa’

o spin susceptibility

N ~v=gA/4
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Reminder: isolated quantum dot

o how to compute Trln(—&T — &+ %a@) ?

o gauge transformation

B

/ dr o®(7)

0

o0 = Up o' Ga,o7 s U(r) =T exp

DN =

N8B U(pB) # U(0), i.e. rotated Grassmanian fields are not fermions

o explicit expression for the determinant

eXpTHn(—af —Eé+ %mﬁ) = Hdet {1 + U(B)e Pee
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Reminder: time-ordered SU(2) exponent

o gauge transformation
1
Ua,o0 — UU,o’aa,o’a U(T) =T exp 5 dr 0'@(7’)

o Wei-Norman representation of time-ordered SU(2) exponent

) 1 [ dr'a(r)e= I3 dtott
3 [ dro(e')
U=t [ <0> T T ato(t)
K(T) e : k(B) [dr'&(T")e © g
0
where
&, — id ®, +id . )
%:i{, #:&n—i—pn—ﬁm, b, =p—2kER

B
o Kolokolov's trick: /D<I> = /DpDF;Dn exp(/ dTp/2)
0

[Kolokolov (1986)]
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Method: separation of slow and fast variables

B
o splitting p(7) = 2h + dp(7), Jdrép(t)=0
0
o integration over dp, Kk, and kK = k™ within Gaussian approximation

o effective free energy (Coleman-Weinberg potential):

h? I(1+ 2 + 37)
F(h)=— — 2T Rel T m°T
()=, —h+2TRe p s S e )

o spin susceptibility

Xzﬁ /dhh%*ﬁ”h)// dh e PF®)

NB Gaussian approximation is justified at

|h], T > max{J,min{J,, /J7}}
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Reminder: mesoStoner in an isolated quantum dot

o effective free energy at v = 0: Fy(h) = 9—2 —h
o spin susceptibility: x o (h?)/(TJ?)
o Curie law at T' < J: x ~ J2/(TJ?)

o Pauli-type susceptibility at 7' >> J.: x ~ J./J?

F(h)/ 3«

020 1/3-0.01

0.1F  y/3=0

0.0 b/
02 04 06 08 0 1.2

—0.1

~0.2

mesoscopic Stoner in isolated QD is a symmetry breaking phenomenon
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Results: Coleman-Weinberg potential

o effective free energy (Coleman-Weinberg potential):

ih o
h? L1+ o + =3
F(h):T—h+2TReln ( =L ”Tl
* L1+ 77)T(1+ 37)
F(h)/ 3« F(hy/ 3
T/%=0.01 ’ T/3:=0.001
0.3 T30S / 0.3{1/%309
y/3=0.25 /3=0.25
0.2} /3=05 0.2} /3:=0.5
0.1 0.af =2
0.0 h/» 0.0 h/J
0 1.2 0.8 0 12
~0.1 ~0.1
-0.2 -0.2

the minimum disappears at v ~ J, for T'— 0
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Results: weak tunneling regime, v < J.

o Curie law at T' < J., region (6)
X~ (Juf 2 (L = 83/ (x2 )] /T

o Pauli-type susceptibility at T' > J,, region (7)
X~ S [L+ 9" (W) (w'T%)] T2

T/,
@) @)
___________ ©
~1 N e =
®) ®)

Curie \ critical / Pauli
\ /

~3/3,
0

/3.
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Results: strong tunneling regime, v > J,

o Pauli-type susceptibility at T < J,, region (8)
X~ (1+ Ju/v) /T2

o Pauli-type susceptibility at J, < T < +/J.7, region (9)
X~ J[1—=J./(6T)]/J

o Pauli-type susceptibility at 7' > J,, region (7)
X~ L1 (D) (x4 T2)] .2

T/
7) @)
__________ ©)
~1 S P ==
®) ®)
Curie \ critical [ Pauli
A\ (12) /(@13)
~ 373,
0 v/,
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Results: vicinity of QCP, v ~ ~. ~ J.

o the free energy functional at vJJ, < T < h < v, ~ J,
F(h) = (1/J. = 1/7)h* + 7°h" /(6+2)

o the scaling form of the spin susceptibility

X =J3/Tf(Tx/T)/J? Tx = J.o?, a=7./y—1

o ordered phase, v < 7. at T <« T, region (11):
X ~ Jla/(TJ?)

T/

@) )
________ )

~1
®) ®)

\ /
Curie \ critical / Pauli
a1\ 12) /@a3)
~y /3,
0 713

1
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Results: vicinity of QCP, v ~ ~. ~ J.

o the free energy functional at vJJ, < T < h < v, ~ J,
F(h) = (1/J. = 1/7)h* + 7°h" /(6+2)

o the scaling form of the spin susceptibility

X =J3/Tf(Tx/T)/J? Tx = J.o?, a=7./y—1

o disordered phase, v > 7. at T < Tx, region (13):
X ~ Ji/(J]al)

T/

@) )
________ )

~1
®) ®)

\ /
Curie \ critical / Pauli
a1\ 12) /@a3)
~y /3,
0 713

1
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Results: vicinity of QCP, v ~ ~. ~ J.

o the free energy functional at vJJ, < T < h < v, ~ J,

F(h) = (1/J. = 1/7)h* + 7*h*/(677)

o the scaling form of the spin susceptibility

X = J3/Tf(Tx/T)/J? Tx = J.o?, a=7./y—1

o critical region, y ~

T/,

()

ve at Tx < T, region (12):
X ~ J22 J(JPVT)

~1

)

Curie

~\/ 373,
0

\ /
\ . / .
\ critical / Pauli

a1\ 12) /@a3)

713

1
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Results: vicinity of QCP, v ~ ~. ~ J.

o our results for the spin susceptibility suggests the existence of

quantum critical point at

Ve = J [14+0((J/J)YY)]

T/

()

~1 . —=-

. \ L 1/ .
Curie \ critical / Pauli

373,
0
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Conclusions:

o we studied the mesoscopic Stoner instability in open quantum dots
A< A-JKA

o we computed the temperature dependence of the spin susceptibility

o our results suggest existence of the quantum phase transition at
Ve = Js

o this quantum phase transition occurs due to suppression of
Coleman-Weinberg mechanism

24/25



Reminder:

integration over free Grassmanian fields

o the partion function of gauged fermions:

A}gnoo/nd\p # ¥ i exp( Z TS Vs ).

where

1 0
—Qq 1 0
0 —Qq 1
0 —Qa
: 0
0

k,j=1

0 e PPU(B)ag

0

0
1 0
—Qq 1

o integration over the Grassmanian variables yields
_ ; (@) _ [ *ﬁ(6a+i¢>0)]
Z 1;[ lim det S 1;[ det |14+ U(B)e .

)

aa = 1—Bea/M.
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