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Q: Are you related to Werner Heisenberg?

LH: It is uncertain!



Different Interpretations of Gravity

Geometrical Field theoretical
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Gravity theories



Geometrical objects

Riemann: R↵
�µ⌫ 6= 0 Torsion:

Non-metricity:

T↵
µ⌫ 6= 0

Q↵
µ⌫ 6= 0



Geometrical Trinity of GR!

GR

TEGR CGR

Curvature

Torsion Non-Metricity

equivalent

L.H & J.Beltran, T.Koivisto 
Universe 5 (2019) 7, 173, 
arXiv:1903.06830



General Relativity (Curvature)

gµ⌫ �↵
µ⌫ = {↵µ⌫}

(pseudo-) Riemanian manifold

{↵µ⌫} =
1

2
g↵�(@⌫g�µ + @µg�⌫ � @�gµ⌫)

Riemann: R↵
�µ⌫ 6= 0

T↵
µ⌫ = 0Torsion:

Non-metricity: Q↵
µ⌫ = 0

GR

Q↵
µ⌫ = r↵gµ⌫



General Relativity (Curvature)

gµ⌫ �↵
µ⌫ = {↵µ⌫}

(pseudo-) Riemanian manifold

{↵µ⌫} =
1

2
g↵�(@⌫g�µ + @µg�⌫ � @�gµ⌫)

GR

Lg =
p
�gR+

p
�g�

gµ⌫ (10 components) � 2⇥ 4 (gauge Di↵s) = 2 dof



TEGR (Torsion)

a manifold based on torsion

Riemann:

Non-metricity: Q↵
µ⌫ = 0

�a
µ⌫

TEGR

�a
µ⌫ =

�
↵
µ⌫

 
+K↵

µ⌫(T )

R↵
�µ⌫ = 0

Torsion: T↵
µ⌫ 6= 0

K↵
µ⌫ =

1

2
T↵
µ⌫ + T ↵

(µ ⌫)

Torsion

T�
µ⌫ = (��

µ⌫ � ��
⌫µ)

contorsion tensor



TEGR (Torsion)

a manifold based on torsion

Riemann:

Non-metricity: Q↵
µ⌫ = 0

�a
µ⌫

TEGR

�a
µ⌫ =

�
↵
µ⌫

 
+K↵

µ⌫(T )

R↵
�µ⌫ = 0 �↵

µ⌫ = (⇤�1)↵�@µ⇤
�
⌫

g�(µ@↵⇤
⌫)
⇢ (⇤�1)⇢� =

1

2
@↵g

µ⌫

T↵
µ⌫ = 2(⇤�1)↵�@[µ⇤

�
⌫]



TEGR (Torsion)

a manifold based on torsion

�a
µ⌫

TEGR

�a
µ⌫ =

�
↵
µ⌫

 
+K↵

µ⌫(T )

S =
1

2

p
�g

�
c1T↵

µ⌫T↵
µ⌫ + c2T↵

µ⌫T ↵
µ ⌫ + c3TµT

µ
�

+��µ⌫
↵ R↵

�µ⌫ + �̃µ⌫
↵ Q↵

µ⌫

c1 =
1

4
, c2 =

1

2
, c3 = �1 ! equivalent to GR!

⇤↵
µ (16 components) � 2⇥ 4 (transl.gauge) � 6 (Lor. rot+boosts) = 2 dof



TEGR (Torsion)

a manifold based on torsion

�a
µ⌫

TEGR

�a
µ⌫ =

�
↵
µ⌫

 
+K↵

µ⌫(T )

S =
1

2

p
�g

�
c1T↵

µ⌫T↵
µ⌫ + c2T↵

µ⌫T ↵
µ ⌫ + c3TµT

µ
�

+��µ⌫
↵ R↵

�µ⌫ + �̃µ⌫
↵ Q↵

µ⌫

c1 =
1

4
, c2 =

1

2
, c3 = �1 ! equivalent to GR!

R = R+ T̊+ 2D↵T
↵

= 0 �R = T̊+ 2D↵T
↵
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CGR (Non-metricity)

a manifold based on non-metricity

Riemann:

Torsion:

Non-metricity:

R↵
�µ⌫ = 0

T↵
µ⌫ = 0

Q↵
µ⌫ 6= 0

CGR

L↵
µ⌫ =

1

2
Q↵

µ⌫ �Q ↵
(µ ⌫)

�a
µ⌫ =

�
↵
µ⌫

 
+ L↵

µ⌫(Q)gµ⌫ ,�
a
µ⌫

r↵gµ⌫ = Q↵µ⌫

Non-metricity

disformation tensor

L.H & J.Beltran, T.Koivisto 
PRD98 (2018) 4, 044048, 
arXiv:1803.10185



CGR (Non-metricity)
CGR

�a
µ⌫ =

�
↵
µ⌫

 
+ L↵

µ⌫(Q)gµ⌫ ,�
a
µ⌫

Riemann:

Torsion:

R↵
�µ⌫ = 0 �↵

µ⌫ = (⇤�1)↵�@µ⇤
�
⌫

T↵
µ⌫ = 0 ⇤⇢

⌫ = @⌫⇠
⇢

�↵
µ⌫ =

✓
@x↵

@⇠⇢

◆
@µ@⌫⇠

⇢ Diffs

the connection can be set to zero by means of a gauge choice
�↵
µ⌫ = 0

a manifold based on non-metricity

L.H & J.Beltran, T.Koivisto 
PRD98 (2018) 4, 044048, 
arXiv:1803.10185



CGR (Non-metricity)
CGR

�a
µ⌫ =

�
↵
µ⌫

 
+ L↵

µ⌫(Q)gµ⌫ ,�
a
µ⌫

�↵
µ⌫ =

✓
@x↵

@⇠⇢

◆
@µ@⌫⇠

⇢ Diffs

the connection can be set to zero by means of a gauge choice
�↵
µ⌫ = 0

All points are equivalent!
No inertial effects at all!
From the full GL(4,R) we have reduced it to Diffs.

a manifold based on non-metricity

L.H & J.Beltran, T.Koivisto 
PRD98 (2018) 4, 044048, 
arXiv:1803.10185



CGR (Non-metricity)
CGR

�a
µ⌫ =

�
↵
µ⌫

 
+ L↵

µ⌫(Q)gµ⌫ ,�
a
µ⌫

S =

Z
d4x

p
�g

5X

i=1

ciQ
2
i + �↵

�µ⌫R↵
�µ⌫ + �̃↵

µ⌫T↵
µ⌫

c1 = �c3 = �1

2
c2 = �1

2
c5 = �1

4
and c4 = 0 ! equivalent to GR!

5X

i=1

ciQ
2
i =

1

4
Q↵�µQ

↵�µ � 1

2
Q↵�µQ�µ↵ � 1

4
Q↵Q

↵ +
1

2
Q↵Q̃

↵

Qµ = Q ↵
µ ↵ and Q̃µ = Q↵

µ↵

a manifold based on non-metricity

L.H & J.Beltran, T.Koivisto 
PRD98 (2018) 4, 044048, 
arXiv:1803.10185



CGR (Non-metricity)
CGR

�a
µ⌫ =

�
↵
µ⌫

 
+ L↵

µ⌫(Q)gµ⌫ ,�
a
µ⌫

S =

Z
d4x

p
�g

5X

i=1

ciQ
2
i + �↵

�µ⌫R↵
�µ⌫ + �̃↵

µ⌫T↵
µ⌫

5X

i=1

ciQ
2
i =

1

4
Q↵�µQ

↵�µ � 1

2
Q↵�µQ�µ↵ � 1

4
Q↵Q

↵ +
1

2
Q↵Q̃

↵

a manifold based on non-metricity

= 0

R = R+Q+D↵(Q
↵ � Q̃↵)

�R = Q+D↵(Q
↵ � Q̃↵)
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CGR (Non-metricity)
CGR

�a
µ⌫ =

�
↵
µ⌫

 
+ L↵

µ⌫(Q)gµ⌫ ,�
a
µ⌫

5X

i=1

ciQ
2
i =

1

4
Q↵�µQ

↵�µ � 1

2
Q↵�µQ�µ↵ � 1

4
Q↵Q

↵ +
1

2
Q↵Q̃

↵

in the coincident gauge

�↵
µ⌫ = {↵µ⌫}+ L↵

µ⌫(Q) = 0 ! �{↵µ⌫} = L↵
µ⌫

5X

i=1

ciQ
2
i = gµ⌫

⇣�
↵
�µ

 �
�
⌫↵

 
�
�

↵
�↵

 �
�
µ⌫

 ⌘

the action is the {}{} part of R({})

a manifold based on non-metricity



CGR (Non-metricity)
CGR

�a
µ⌫ =

�
↵
µ⌫

 
+ L↵

µ⌫(Q)gµ⌫ ,�
a
µ⌫

5X

i=1

ciQ
2
i = gµ⌫

⇣�
↵
�µ

 �
�
⌫↵

 
�
�

↵
�↵

 �
�
µ⌫

 ⌘

a manifold based on non-metricity

No need for GHY boundary term for a well-defined 
variational principle

More direct contact with (the most fundamental) field 
theory description (Deser’s resummation approach)

Improved and unambigous entropy of BHs

New tool to canonically quantize GR?

= 0
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Modified gravity (geometrical perspective)

Z p
�qR !

Z p
�qf(R)

Z p
�qT̊ !

Z p
�qf(T̊)

Z p
�qQ̊ !

Z p
�qf(Q̊)

Other consistent quadratic actions?

Promote the scalars to general functions

S =
1

2

p
�g

�
c1T↵

µ⌫T↵
µ⌫ + c2T↵

µ⌫T ↵
µ ⌫ + c3TµT

µ
�

+��µ⌫
↵ R↵

�µ⌫ + �̃µ⌫
↵ Q↵

µ⌫

S =

Z
d4x

p
�g

5X

i=1

ciQ
2
i + �↵

�µ⌫R↵
�µ⌫ + �̃↵

µ⌫T↵
µ⌫

ci
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general 
space-time

Q 6= 0

Non-metricity

Q geometry

Q = 0

Einstein-
Cartan

(T, g,R)

Riemanian 
geometry

General Relativity
(g,R)

T = 0

R = 0
Weitzenböck 
space-time

Teleparallel gravity

Minkowski 
space-time

R = 0

T = 0(T )

Geometrical setup

(R,Q, T, g)



Imagine a universe in which 
Einstein did not exist!

General Relativity (field theory perspective)



Imagine a universe in which 
Einstein did not exist!

General Relativity (field theory perspective)



Imagine a modern version of Einstein

Who would have learned 
all the standard techniques 
of field theory description

We would have eventually constructed GR from 
field theory perspective, just years later

General Relativity (field theory perspective)



Imagine a modern version of Einstein

Who would have learned 
all the standard techniques 
of field theory description

We would have eventually constructed GR from 
field theory perspective, just years later

General Relativity (field theory perspective)



Field Theory Perspective
Electromagnetic interactions

PHOTON

Gravitational interactions

GRAVITON gµ⌫

Aµ

GR corresponds to interactions based on a massless spin 2 field



In 4 dimensions the only Lovelock invariants are

Cosmological constant  

Ricci scalar 

Gauss-Bonnet term

R

LGB

p
�g

GR

LGB = Rµ⌫↵�R
µ⌫↵� � 4Rµ⌫R

µ⌫ +R2

Lg =
p
�gM2

PlR+
p
�g⇤
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(topological)

massless Spin 2 Field



LGB

Related to the Lovelock invariants one can construct 
divergenceless tensors

Cosmological constant  

Ricci scalar 

Gauss-Bonnet term

R

None

Gµ⌫

gµ⌫

(topological)

p
�g

equations of motions

massless Spin 2 Field



How can the matter fields couple to gravity?

They can 
couple to:

p
�g and gµ⌫

R and Gµ⌫

Actually one can construct yet another divergenceless tensor in 4dim

Lµ⌫↵� = �1

2
✏µ⌫⇢�✏↵���R⇢���

Lovelock invariants Divergenceless tensors

double dual Riemann tensor

(minimal) (minimal)

(non-minimal)

(non-minimal)

(non-minimal)

massless Spin 2 Field



GRAVITON gµ⌫

Modified Gravity
Gµ⌫ =

Tµ⌫

M2
Pl

Aµ

fµ⌫

�}}
gµ⌫

?

?

?

?
?



Gravity theories

Concepts

Geometrical 
concepts

Field 
theoretical 
concepts

Scalar-Tensor
(Horndeski)

Vector-Tensor
(gen. Proca)

Tensor-Tensor
(massive gravity)



Field Theoretical Trinity of Gravity

ST

VT TT

Massive Gravity

Horndeski

Generalized Proca

⇡

distinct



Gµ⌫ =
Tµ⌫

M2
Pl

gµ⌫
?

?

?

?
?

Horndeski theory (scalar-tensor theory)

Gµ⌫ =
Tµ⌫

M2
Pl

gµ⌫

⇡

gµ⌫ ?}
how do they couple???

⇡



The generalisation to curved space-time yield the rediscovery of 
Horndeski interactions

Scalar-Tensor-interactions

Non-minimal couplings to gravity have to be added to maintain 
second order equations of motions

G.W.Horndeski Int. J. Theo.Phys. 10, 363-384 (1974)
C.Deffayet, Esposito-Farese,Vikman 

Phys. Rev.D (79), 084003 (2009)
T. Kobayashi, M. Yamaguchi, J. Yokoyama, 

Prog. Theor. Phys. 126 (2011),511-529

L2 = K(⇡, X)

L3 = G3(⇡, X)[⇧]

L4 = G4(⇡, X)R+G4,X([⇧]2 � [⇧2])

L5 = G5(⇡, X)Gµ⌫⇧
µ⌫ � G5,X

6
([⇧]3 � 3[⇧][⇧2] + 2[⇧2])

⇧µ⌫ = rµ@⌫⇡

X = �1

2
(@⇡)2



The generalisation to curved space-time yield the rediscovery of 
Horndeski interactions

Non-minimal couplings to gravity have to be added to maintain 
second order equations of motions

G.W.Horndeski Int. J. Theo.Phys. 10, 
363-384 (1974)

C.Deffayet, Esposito-Farese,Vikman 
Phys. Rev.D (79), 084003 (2009)

L2 = K(⇡, X)

L3 = G3(⇡, X)[⇧]

L4 = G4(⇡, X)R+G4,X([⇧]2 � [⇧2])

L5 = G5(⇡, X)Gµ⌫⇧
µ⌫ � G5,X

6
([⇧]3 � 3[⇧][⇧2] + 2[⇧2])

⇧µ⌫ = rµ@⌫⇡

X = �1

2
(@⇡)2

Scalar-Tensor-interactions



Allowing higher order derivatives in the equations of motion 
J.Gleyzes, D.Langlois, F.Piazza, 

F.Vernizzi Phys. Rev.Lett 114(2015), 
21,211101

Beyond Horndeski

Scalar-Tensor-interactions



Beyond Horndeski

Scalar-Tensor-interactions

Horndeski

Beyond Beyond Horndeski

DHOST



Gµ⌫ =
Tµ⌫

M2
Pl

gµ⌫
?

?

?

?
?

Vector-Tensor Theories

Gµ⌫ =
Tµ⌫

M2
Pl

gµ⌫

gµ⌫ ?}
how do they couple???



Generalized Proca action
Interactions on curved space-time requires the 
presence of non-minimal couplings to gravity

L2 = G2(Aµ, Fµ⌫ , F̃µ⌫)

L3 = G3(Y )rµA
µ

L4 = G4(Y )R+G4,Y

⇥
(rµA

µ)2 �r⇢A�r�A⇢
⇤

L5 = G5(Y )Gµ⌫rµA⌫ � 1

6
G5,Y

h
(r ·A)3

+ 2r⇢A�r�A⇢r�A� � 3(r ·A)r⇢A�r�A⇢
i

� G̃5(Y )F̃↵µF̃ �
µr↵A�

L6 = G6(Y )Lµ⌫↵�rµA⌫r↵A� +
G6,Y

2
F̃↵�F̃µ⌫r↵Aµr�A⌫

L.H & J.Beltran, 
Phys.Lett.B757 (2016) 

405-411, arXiv:1602.03410

L. H., JCAP 1405, 015 (2014), 
arXiv:1402.7026

G.Tasinato JHEP 1404 (2014)067
arXiv:1402.6450

Allys, Peter, Rodriguez, 
JCAP 1602 (2016) 02, 004

Y = �1

2
AµA

µ



Extended Vector Theories

Generalized Proca

Beyond Generalized Proca

Vector-Tensor Theories



L.H arXiv:1801.01523

Scalar-Vector-Tensor Theories

UNIFY

scalar-vector-tensor 
theories

Horndeski
scalar-tensor generalized Proca

vector-tensor



L.H arXiv:1801.01523

Gauge-invariant

L2
SVT = f2(⇡, X, F, F̃ , Y )

L3
SVT = Mµ⌫

3 rµ@⌫⇡

L4
SVT = Mµ⌫↵�

4 rµ@↵⇡r⌫@�⇡ + f4(⇡, X)Lµ⌫↵�Fµ⌫F↵�

Mµ⌫↵�
4 =

✓
1

2
f4,X + f̃4(⇡)

◆
F̃µ⌫ F̃↵�

Mµ⌫
3 =

⇣
f3(⇡, X)g⇢� + f̃3(⇡, X)@⇢⇡@�⇡

⌘
F̃µ⇢F̃ ⌫�

Gµ⌫ =
Tµ⌫

M2
Pl

gµ⌫

⇡

Scalar-Vector-Tensor Theories



Gµ⌫ =
Tµ⌫

M2
Pl

gµ⌫
?

?

?

?
?

Massive Gravity (tensor-tensor theory)

Gµ⌫ =
Tµ⌫

M2
Pl

gµ⌫

gµ⌫ ?}
how do they couple???



The building block for a consistent theory of massive gravity

m2gµ⌫fµ⌫?

m2
p

g�1f

SMG =
Z

d4x
p
�g

4

Â
n=0

bn
n!(4 � n)!

en(
q

g�1 f )

elementary symmetric polynomials

C. de Rham, G. Gabadaze, 
A.J.Tolley, PRL106 (2011)

S.F. Hassan, R.A. Rosen 
JHEP1107 (2011)

S =

Z
M2

Pl

2

p
�gR+ Lmatter

@2g

+ m2U
⇣p

g�1f
⌘

Massive Gravity (tensor-tensor theory)



SVT

Huge Landscape of Theories

CGRGR VT

ST
MGMOG Bi

TEGR

M



Constraints???

Theoretical Observational



Constraints!!!

Constraints

Theoretical 
Consistency Observational 

Consistency
Instabilities?

Swampland?

Positivity?

DOF?

Quantum 
corrections?



Constraints!!!

Constraints

Theoretical 
Consistency Observational 

Consistency
SNIa, CMB, BAO

Large-scale 
structure

GWs

Solar System



All you ever wanted to know about generalizations 
of gravity, but were afraid to ask. 

arXiv:1807.01725

Q↵
µ⌫


