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conclusion

The Debye contribution to the conductivity of 
superconductors is proportional to the inelastic relaxation 
time rather than to the elastic one. 
It may be many orders of magnitude larger than the 
conventional contribution.

Such a contribution to the linear conductivity exists only in 
the presence of supercurrent.

The Debye contribution to the non-linear conductivity exists 
even in the absence of the supercurrent.

Measurements of this effect may provide information about 
the inelastic relaxation time in superconductors



Characteristic relaxation times in metals

At low temperatures the inelastic relaxation time in metals is much 
longer than the elastic one

Momentum relaxation time 𝜏el is controlled by  elastic electron-
impurity scattering.

Inelastic relaxation time 𝜏in is due to electron-electron and 
electron-phonon scattering.
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Microwave  absorption in normal metals

At small frequencies  the microwave absorption coefficient is 
controlled by the dc Drude conductivity
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Microwave field penetrates into metallic samples to skin depth.

The long inelastic relaxation time plays no 
role. 
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Near Tc relaxation times of quasiparticles in superconductors are 
of the same order as in the normal state. As a result the real part 

of the linear conductivity is close to the Drude value.

Microwave absorption in superconductors is 
controlled by the conductivity s

The log-divergence is related to the singularity of the density of states at e=D 

The long inelastic relaxation time plays no 
role

Mattis &  Bardeen 1958,  Schrieffer 1964; Larkin & Ovchinnikov 1977;   
Aronov & Gurevich 1981
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We discuss a mechanism of microwave absorption in conventional superconductors, which is similar
to the Debye absorption mechanism in polar molecular gases. The contribution of this mechanism
to ac conductivity is proportional to the inelastic quasiparticle relaxation time ⌧in rather than the
elastic one ⌧el. Therefore it can be much larger than the conventional one. Debye contribution to
the linear conductivity arises only in the presence of a dc supercurrent in the system. Its magnitude
depends strongly on the orientation of the microwave field relative to the supercurrent. The Debye
contribution to the non-linear conductivity exists even in the absence of supercurrent. It provides
an anomalously low non-linear threshold. Microwave absorption measurements may provide direct
information about ⌧in in superconductors.

� = �D(1 +
�

T
ln

T

!
) (1)

In this article we discuss the theory of microwave ab-
sorption in superconductors. In linear response to the
microwave field E(t) = E! cos(!t), and in the limit of
low frequencies !, the current density in a superconduc-
tor may be written as

j =
e

m
Ns ps + �E. (2)

Here Ns is the superfluid density, e and m are, respec-
tively, the charge and the mass of the electron, and the
superfluid momentum is defined by ps = ~

2r� � e
cA,

with � being the phase of the order parameter, and A
the vector potential. The second term of Eq. (2), charac-
terized by the conductivity �, represents the dissipative
part of the current.

The microwave absorption coe�cient is controlled by
the conductivity �. The value of � is determined by
the quasiparticle scattering processes in the superconduc-
tor, which are generally characterized by two relaxation
times: the elastic ⌧el and inelastic ⌧in ones. In a typical
situation, which we assume below, ⌧in � ⌧el. The theory
of transport phenomena in conventional superconductors
was developed long ago, see for example [? ? ]. The
conventional result is that the conductivity, and conse-
quently the microwave absorption coe�cient, are propor-
tional to the elastic relaxation time ⌧el. For example, at
temperatures T near the critical temperature Tc the con-
ductivity of a superconductor � is [? ? ]

� = �D ln
Tc

!
, (3)

where �D is Drude conductivity of a normal metal [? ].
In this article we discuss another contribution the con-

ductivity �DB that is proportional to the inelastic relax-
ation time ⌧in. As a result it may exceed the conventional
contribution by orders of magnitude. This contribution
to the linear conductivity �DB exists only in the pres-
ence of a dc supercurrent, p̄s 6= 0. Furthermore, this

contribution is strongly anisotropic and depends on the
relative orientation between E! and p̄s. Even in situa-
tions where this contribution is small in comparison to
the conventional result, it determines the dependence of
the conductivity on both the magnitude and direction
of p̄s. This enables determination of ⌧in from measure-
ments of microwave absorption. A contribution to the
non-linear conductivity which is proportional to ⌧in exists
even at p̄s = 0. Consequently, the nonlinear threshold for
microwave absorption turns out to be anomalously low.
The physical mechanism of this contribution to the

conductivity is similar to the Debye mechanism of mi-
crowave absorption in gases [? ], Madelstam-Leontovich
mechanism of the second viscosity in liquids [? ], and
Pollak-Geballe mechanism of microwave absorption in
the hopping conductivity regime [? ]. It can be qual-
itatively understood as follows. Let us separate the su-
perfluid momentum ps(t) = p̄s + �ps(t) into a dc part
p̄s and the ac part �ps(t) whose time evolution is deter-
mined by the microwave field

�ṗs(t) = eE(t). (4)

At low frequencies, ! ⌧ ⌧�1
el , the quasiparticle distribu-

tion function n depends only on the energy ✏. At su�-
ciently low frequencies the density of states per unit en-
ergy, ⌫(✏, ps), depends on the instantaneous value of the
superfluid momentum ps. In other words, as the value
of ps changes, individual quasiparticle levels move in en-
ergy space. At finite temperature the quasiparticles on
the occupied levels travel in energy space as well. This
motion creates a non-equilibrium quasiparticle distribu-
tion. The relaxation of the latter due to inelastic scatter-
ing produces entropy S and therefore contributes to the
conductivity proportionally to ⌧in. The reason why the
Debye contribution to the linear conductivity exists only
at p̄s 6= 0 is the following. The density of states is invari-
ant under time reversal and thus can depend only on the
magnitude of the condensate momentum ps = |ps|. As a
result, in the linear in E approximation ⌫(✏) changes in
time proportionally to �ps(t) · p̄s.
To describe the motion of energy levels we note that



Debye mechanism of microwave absorption in 
molecular gases

n

e

The microwave absorption coefficient is      
proportional to the inelastic relaxation time.
Similar mechanism is known under the name of Pollak-Gablle mechanism of the 
microwave hopping conductivity regime and in the Mandelstam-Leontovich mechanism 
of large second viscosity in gases and liquids.
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Conductivity from the entropy production:
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Using the relation TdS/dt = �E2 and Eqs. 25, we get
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where �D is Drude conductivity.
In a case or relatively pure sample �⌧el � 1 the quasiparticle energy in the presence of the superfluid velocity has

a form ✏̃p = ✏p + pVs . Thus in this case we have the energy dependence of the density of states

⌫(✏,Vs) = (12)

In dirty case

Usadel (13)

⌫ = (14)

Thus in the presence of the superfluid velocity the pecularity ofthe density of states at ✏ = � is broadened in the
interval of energy of order

�✏ =

⇢
pFVs for ⌧el� � 1

Dm

2
V

2
s for ⌧el� ⌧ 1

(15)

At �✏ ⌧ �, and |T � Tc| ⌧ T the main contribution into the integral in Eq. 11 comes from the energy intervals
✏�� ⇠ �✏, which is much smaller than T . On the other hand the inelastic relaxation processes are characterized by
the energy transfer of order T . Therefore the relaxation time approximation in Eq. 3 is asymptotically exact.

Substituting Eqs. 12,14 into Eq. 3 we get the expressions for the conductivity.
It is interesting that at temperature smaller than Tc the conductivity has the same order as that near Tc. In this

limit there are two characteristic quasiparticle relaxation times quasiparticle -phonon scattering time ⌧st and the
recombination time ⌧r

1
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⇠ T

3
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2
D

⌧ 1
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✓

2
D

x (16)

where

x =
1

�(0)⌫n

Z
n⌫d✏ ⇠ e

��(0)
T (17)



Debye mechanism of the microwave 
absorption in superconductors.

In the presence of microwave the quasiparticle density of states
depends on  time. 

The motion of quasiparticle levels creates non-equilibrium 
quasiparticle distribution. Its relaxation increases entropy and 
contributes to the microwave absorption.

Since the density of states is even in ps, this 
contribution exists only in the presence of DC 
supercurrent or in the non-linear regime.



Quasiparticle dynamics in the presence of  uniform 
microwave  field E(t)

Two continuity equations:
Number of quasiparticle states in a sample is conserved.

In the absence of relaxation processes the quasiparticle 
distribution follows the energy levels and number
of quasiparticles is conserved
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is the level’s velocity In the energy space
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Near Tc the relaxation time approximation for the scattering integral is “exact”: 
The reason is that relevant to the Debye mechanism energies are much smaller 
than temperature while the energy transfer in the relaxation processes is of 
order T.

kinetic equation in the presence of level motion 
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absorption power of microwave

Brackets <..> stand for the averaging over the period of 
oscillations  

4

factor e��/T cancels from Eq. 3. However, the freuency interval ! < 1/⌧in,r where the conductivity is proportional
to ⌧in(Tc) decreases exponentially with the temperature.
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Presented above results are valid not only for thin superconucting films but also for bulk superconductors. Indeed,
in the latter case at su�ciently small frequencies the electromagnetic field penetrates into the sample on a distance
of order the penetration length of magnetic field � =

p
Ns. According to Eqs. 11,13 on this distance the is a finite

quasiparticle density of states at ✏ < �. In other words the quasiparticles with ✏ < � are trapped near the surface,
and relaxation of their non-equilibrium distribution is controlled by the inelastic relaxation time. Their contribution
to the absorption coe�cient are of the same order as Eqs. 3,4.
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Debye contribution to conductivity



The Debye contribution to the conductivity can be 
expressed in terms of the  ps dependence of the 

density of states. 

The density of states in non-magnetic conventional 
superconductors is quadratic in the superfluid momentum.
Therefore Debye contribution exists either in the 
presence of supercurrent or in the non-linear regime

4

is a dimensionless concentration, and�(0) ⇠ Tc is the value of the gap at T = 0. Since the Debye relaxation mechanism
is controlled by the longest relaxation time in the system, which in this case is ⌧in,r, then the exponentially small
factor e��/T cancels from Eq. 3. However, the freuency interval ! < 1/⌧in,r where the conductivity is proportional
to ⌧in(Tc) decreases exponentially with the temperature.
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Presented above results are valid not only for thin superconucting films but also for bulk superconductors. Indeed,
in the latter case at su�ciently small frequencies the electromagnetic field penetrates into the sample on a distance
of order the penetration length of magnetic field � =

p
Ns. According to Eqs. 12,14 on this distance the is a finite

quasiparticle density of states at ✏ < �. In other words the quasiparticles with ✏ < � are trapped near the surface,
and relaxation of their non-equilibrium distribution is controlled by the inelastic relaxation time. Their contribution
to the absorption coe�cient are of the same order as Eqs. 3,4.
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In the presence of superfluid current, or superfluid 
momentum, the singularity of the quasiparticle density of 

states  in s-wave superconductors is broadened

The value of the broadening width de depends on the 
degree of disorder.
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where �D is Drude conductivity.
In a case or relatively pure sample �⌧el � 1 the quasiparticle energy in the presence of the superfluid velocity has

a form ✏̃p = ✏p + pVs . Thus in this case we have the energy dependence of the density of states
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the energy transfer of order T . Therefore the relaxation time approximation in Eq. ?? is asymptotically exact.

Substituting Eqs. ??,?? into Eq. ?? we get the expressions for the conductivity.
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is a dimensionless concentration, and�(0) ⇠ Tc is the value of the gap at T = 0. Since the Debye relaxation mechanism
is controlled by the longest relaxation time in the system, which in this case is ⌧in,r, then the exponentially small
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Debye contribution to the linear conductivity of 
s-wave superconductors in the ballistic regime is 
proportional to the inelastic relaxation time .

Its dependence of the supercurrent density is a non-
analytic  

4

is a dimensionless concentration, and�(0) ⇠ Tc is the value of the gap at T = 0. Since the Debye relaxation mechanism
is controlled by the longest relaxation time in the system, which in this case is ⌧in,r, then the exponentially small
factor e��/T cancels from Eq. 3. However, the freuency interval ! < 1/⌧in,r where the conductivity is proportional
to ⌧in(Tc) decreases exponentially with the temperature.

As Vs ! 0 the described above contribution to the linear conductivity vanishes. However, .... manifests itself in
the non-linear conductivity. If E0 ⌧ Ẽ, then
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Presented above results are valid not only for thin superconucting films but also for bulk superconductors. Indeed,
in the latter case at su�ciently small frequencies the electromagnetic field penetrates into the sample on a distance
of order the penetration length of magnetic field � =

p
Ns. According to Eqs. 12,14 on this distance the is a finite

quasiparticle density of states at ✏ < �. In other words the quasiparticles with ✏ < � are trapped near the surface,
and relaxation of their non-equilibrium distribution is controlled by the inelastic relaxation time. Their contribution
to the absorption coe�cient are of the same order as Eqs. 3,4.
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Ovchinnikov, Isaakyan 1978  



The range of applicability of the ballistic regime:
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The level’s broadening due to elastic scatting should be 
smaller than de



Quasiparticle density of states in the diffusive 
regime
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Debye contribution to the conductivity in the s-wave 
superconductors in the diffusive regime  is 
proportional to the inelastic relaxation time.

Its dependence of supercurrent is a non-analytic. 

4

is a dimensionless concentration, and�(0) ⇠ Tc is the value of the gap at T = 0. Since the Debye relaxation mechanism
is controlled by the longest relaxation time in the system, which in this case is ⌧in,r, then the exponentially small
factor e��/T cancels from Eq. 3. However, the freuency interval ! < 1/⌧in,r where the conductivity is proportional
to ⌧in(Tc) decreases exponentially with the temperature.

As Vs ! 0 the described above contribution to the linear conductivity vanishes. However, .... manifests itself in
the non-linear conductivity. If E0 ⌧ Ẽ, then

�E = e

2
⌫n⌧in ⇥ E

2

m

2
!

2

(
�1/2

T �

�3/2
p

3/2
F for ⌧el� � 1

p
D�
T

q
D
� for ⌧el� ⌧ 1

(18)

Here
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Thus the non-linear contribution to the conductivity becomes larger that the liner one provided
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If E0 � Ẽ then the corresponding E0-dependence is non-analytical
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Presented above results are valid not only for thin superconucting films but also for bulk superconductors. Indeed,
in the latter case at su�ciently small frequencies the electromagnetic field penetrates into the sample on a distance
of order the penetration length of magnetic field � =

p
Ns. According to Eqs. 12,14 on this distance the is a finite

quasiparticle density of states at ✏ < �. In other words the quasiparticles with ✏ < � are trapped near the surface,
and relaxation of their non-equilibrium distribution is controlled by the inelastic relaxation time. Their contribution
to the absorption coe�cient are of the same order as Eqs. 3,4.
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The origin of the non-analytic ps –dependence of the 
conductivity is the singular energy dependence of 
the density of states

In real situations the singularity is broadened by inelastic 
scattering and by the gap anisotropy.  Thus at very small 
values of ps this dependence is analytic.



NbN,      T/Tc =0.2
“At finite current, the measured sheet resistance is several orders of 
magnitude larger than the theory would suggest”.  
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magnitude of the coe�cient c can be estimated by matching this expression
to Eqs. (18) and (23) at the values of p̄s determined by the condition that
the energy broadening of the BCS singularity, �✏(p̄s) be of order �.

�
(S)
DB

�
D

⇠ (
p̄
s

v
F

�
)2
�

T

⌧in
⌧el [1 + (!⌧in)2]

(q
�
� , for vFp̄s⌧ 2el� � 1

⌧el (��2)1/3 , for vFp̄s⌧ 2el� ⌧ 1
(24)

3.1.2. d-wave superconductors

The order parameter in D-wave superconductors �(p) changes it’s sign
upon rotation of the momentum on ⇡/2. Therefore the gap goes through
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where, ✓ is an azimuthal angle, and �0(T ) is the gap maximum at the
antinode which generally depends on temperature. In the presence of super-
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considering a 2D Fermi surface which is how one considers line nodes in D-
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Presented above results are valid not only for thin superconucting films but also for bulk superconductors. Indeed,
in the latter case at su�ciently small frequencies the electromagnetic field penetrates into the sample on a distance
of order the penetration length of magnetic field � =

p
N

s

. According to Eqs. 12,14 on this distance the is a finite
quasiparticle density of states at ✏ < �. In other words the quasiparticles with ✏ < � are trapped near the surface,
and relaxation of their non-equilibrium distribution is controlled by the inelastic relaxation time. Their contribution
to the absorption coe�cient are of the same order as Eqs. 3,4.
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�

E

= e

2
⌫

n

⌧

in

⇥ E

2

m

2
!

2

(
�1/2

T

�

�3/2
p

3/2
F

for ⌧

el

� � 1
p
D�
T

q
D

�

for ⌧

el

� ⌧ 1
(18)

Here
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If E0 � Ẽ then the corresponding E0-dependence is non-analytical
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Presented above results are valid not only for thin superconucting films but also for bulk superconductors. Indeed,
in the latter case at su�ciently small frequencies the electromagnetic field penetrates into the sample on a distance
of order the penetration length of magnetic field � =

p
N

s

. According to Eqs. 12,14 on this distance the is a finite
quasiparticle density of states at ✏ < �. In other words the quasiparticles with ✏ < � are trapped near the surface,
and relaxation of their non-equilibrium distribution is controlled by the inelastic relaxation time. Their contribution
to the absorption coe�cient are of the same order as Eqs. 3,4.
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Density of states in D-wave superconductors

near an antinodal line

near a nodal  line



Debye contribution to the microwave absorption in D-
wave superconductors at |T-Tc|<<T is controlled by 
quasiparticles with energies close to the gap
near the anti-node line.
It is proportional to the inelastic relaxation time , and its 
dependence of the supercurrent density is a non-analytic  
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At small energies the density of states in D-wave superconductors is
broadened by the elastic ????????? scattering ?, and Eqs. 28,30 are valid
as long as vFps > �el. Here �el is the broadening width which, generally,
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3.2. Low temperature regime T ⌧ �0.

Low temperature quasiparticle kinetics in S and D-wave superconductors
have common features. Indeed, in both cases the low energies the density
of states is suppressed. Therefore, in both cases the quasiparticle concentra-
tion decreases with temperature more rapidly than in normal metal. Conse-
quently the electron-electron scattering rate is suppressed and the quasiparti-
cle energy relaxation is controlled by the electron-phonon scattering. In this
case there are two quasiparticle inelastic relaxation rates in superconductors.
The quasiparticle-phonon relaxation processes that conserve the number of
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is a dimensionless concentration, and�(0) ⇠ Tc is the value of the gap at T = 0. Since the Debye relaxation mechanism
is controlled by the longest relaxation time in the system, which in this case is ⌧in,r, then the exponentially small
factor e��/T cancels from Eq. 3. However, the freuency interval ! < 1/⌧in,r where the conductivity is proportional
to ⌧in(Tc) decreases exponentially with the temperature.
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Presented above results are valid not only for thin superconucting films but also for bulk superconductors. Indeed,
in the latter case at su�ciently small frequencies the electromagnetic field penetrates into the sample on a distance
of order the penetration length of magnetic field � =

p
Ns. According to Eqs. 12,14 on this distance the is a finite

quasiparticle density of states at ✏ < �. In other words the quasiparticles with ✏ < � are trapped near the surface,
and relaxation of their non-equilibrium distribution is controlled by the inelastic relaxation time. Their contribution
to the absorption coe�cient are of the same order as Eqs. 3,4.
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Near the antinode line the non-analytical energy 
dependence of the density of states is smeared by 
elastic scattering, and  conductivity becomes  an 
analytical fuction of the superfluid momentum  



Debye conductivity is controlled by the longest      
relaxation time. 

At low temperatures quasi-particle concentration

1) Scattering processes conserving the number of quasiparticles 
are characterized by the relaxation time tst
2) Processes which change the number of quasiparticles are 
characterized by the recombination time
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where �D is Drude conductivity.
In a case or relatively pure sample �⌧el � 1 the quasiparticle energy in the presence of the superfluid velocity has

a form ✏̃p = ✏p + pVs . Thus in this case we have the energy dependence of the density of states
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At �✏ ⌧ �, and |T � Tc| ⌧ T the main contribution into the integral in Eq. ?? comes from the energy intervals
✏�� ⇠ �✏, which is much smaller than T . On the other hand the inelastic relaxation processes are characterized by
the energy transfer of order T . Therefore the relaxation time approximation in Eq. ?? is asymptotically exact.

Substituting Eqs. ??,?? into Eq. ?? we get the expressions for the conductivity.
It is interesting that at temperature smaller than Tc the conductivity has the same order as that near Tc. In this
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recombination time ⌧r

1

⌧in,st
⇠ T

3

✓

2
D

⌧ 1

⌧in,r
⇠ �2

✓

2
D

x (16)

where

x =
1

�0⌫n

Z
⌫(✏)nF (✏)d✏ ⇠ e

��(0)
T (17)



quasiparticles are characterized by the rate 1/⌧ (st)in (T ). At low temperatures
the momentum transfer in the electron-phonon processes is small in propor-
tion to the ratio c/vF ⌧ 1. Therefore the change of the direction of the
quasiparticle momentum of quasiparticles inside the nodes is relatively small
and even in D-wave superconductors the value of ⌧st is of the same order as in
normal metals. The second type of inelastic relaxation processes correspond
to recombination, which changes the total number of quasiparticles.

1/⌧r ⇠ x/⌧ (0)r ⌧ ⌧
(st)
in , (33)
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in (�) and x is the dimensionless quasiparticle concentration

which definition is slightly di↵erent for S and D-superconductors: In s-wave
superconductors
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is exponentially small, while in d wave superconductors it decreases only as
a power low of temperature.
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The Debye contribution to the dissipative kinetic coe�cients is propor-
tional to the longest relaxation time in a system (see for example Landau
and Lifshitz (2013), which in our case is ⌧r. This is the reason why the value
of x ⌧ 1 cancels from the expression for the Debye contribution to the con-
ductivity, which in this regime is, roughly speaking, comparable to that near
Tc.

Since ⌧r � ⌧
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in , on a relatively short time scale of order of ⌧st the system

of quasiparticles reaches a quasi-equililibrium form
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In equilibrium µ = 0. To estimate value of µ one has to integrate Eq. 6
over ✏ to get the quasiparticle conservation low. Since
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relaxation time approximation Eq. 9 with ⌧in = ⌧r.
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is a dimensionless concentration, and�(0) ⇠ Tc is the value of the gap at T = 0. Since the Debye relaxation mechanism
is controlled by the longest relaxation time in the system, which in this case is ⌧in,r, then the exponentially small
factor e��/T cancels from Eq. ??. However, the freuency interval ! < 1/⌧in,r where the conductivity is proportional
to ⌧in(Tc) decreases exponentially with the temperature.

As Vs ! 0 the described above contribution to the linear conductivity vanishes. However, .... manifests itself in
the non-linear conductivity. If E0 ⌧ Ẽ, then
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If E0 � Ẽ then the corresponding E0-dependence is non-analytical
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Presented above results are valid not only for thin superconucting films but also for bulk superconductors. Indeed,
in the latter case at su�ciently small frequencies the electromagnetic field penetrates into the sample on a distance
of order the penetration length of magnetic field � =

p
Ns. According to Eqs. ??,?? on this distance the is a finite

quasiparticle density of states at ✏ < �. In other words the quasiparticles with ✏ < � are trapped near the surface,
and relaxation of their non-equilibrium distribution is controlled by the inelastic relaxation time. Their contribution
to the absorption coe�cient are of the same order as Eqs. ??,??.
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Low frequency and low temperature Debye 
conductivity of s-wave superconductors is of the 
same order at that near Tc in spite of the fact that 
the quasiparticle concentration is exponentially low.
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Presented above results are valid not only for thin superconucting films but also for bulk superconductors. Indeed,
in the latter case at su�ciently small frequencies the electromagnetic field penetrates into the sample on a distance
of order the penetration length of magnetic field � =

p
Ns. According to Eqs. ??,?? on this distance the is a finite

quasiparticle density of states at ✏ < �. In other words the quasiparticles with ✏ < � are trapped near the surface,
and relaxation of their non-equilibrium distribution is controlled by the inelastic relaxation time. Their contribution
to the absorption coe�cient are of the same order as Eqs. ??,??.
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Low temperature Debye conductivity of s-wave 
superconductors is of the same order at that near Tc in 
spite of the fact that the quasiparticle concentration is 
exponentially small

In the absence of supercurrent the microwave 
conductivity is exponentially small !
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Ṽ(✏) =
1

⌫0m

Z ✏

0
d✏

0 d⌫(✏
0
,Vs)

dVs

and m is the electron mass.

T

@S

@t

= T

Z
(�f)2

feq(1� feq/⌫n)⌧in
d✏. (9)

T

@S

@t

⇠ T

(�n)2

⌧in
= �DBE

2
�DB ⇠ ⌧in (10)

Using the relation TdS/dt = �E2 and Eqs. ??, we get

� = e

2 ⌧in⌫n

1 + (!⌧in)2
T

Z
d✏

⌫n

⌫(✏)

1

nF (✏)(1� nF (✏))

✓
dnF

d✏

Ṽ
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where �D is Drude conductivity.
In a case or relatively pure sample �⌧el � 1 the quasiparticle energy in the presence of the superfluid velocity has

a form ✏̃p = ✏p + pVs . Thus in this case we have the energy dependence of the density of states

⌫(✏,Vs) = (12)

In dirty case

Usadel (13)
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Thus in the presence of the superfluid velocity the pecularity ofthe density of states at ✏ = � is broadened in the
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At �✏ ⌧ �, and |T � Tc| ⌧ T the main contribution into the integral in Eq. ?? comes from the energy intervals
✏�� ⇠ �✏, which is much smaller than T . On the other hand the inelastic relaxation processes are characterized by
the energy transfer of order T . Therefore the relaxation time approximation in Eq. ?? is asymptotically exact.

Substituting Eqs. ??,?? into Eq. ?? we get the expressions for the conductivity.
It is interesting that at temperature smaller than Tc the conductivity has the same order as that near Tc. In this

limit there are two characteristic quasiparticle relaxation times quasiparticle -phonon scattering time ⌧st and the
recombination time ⌧r

1

⌧in,st
⇠ T

3

✓

2
D

⌧ 1

⌧in,r
⇠ �2

✓

2
D

x (16)

where

x =
1

�0⌫n

Z
⌫(✏)nF (✏)d✏ ⇠ e

��(0)
T (17)



Low temperature Debye conductivity of d-wave    
superconductors is controlled by quasi-particles near 
the nodal lineswhile near the node line

⌫(✏) =
⌫n
�0

(
vFps, for ✏  vFps

✏, for ✏ > vFps
(28)

?

Near the anti-nodal line using Eq.... we get
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Substituting Eq. ?? into Eq. 10 we get an expression for the Debye contri-
bution to the conductivity in the limit T � vF p̄s.
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At small energies the density of states in D-wave superconductors is
broadened by the elastic ????????? scattering ?, and Eqs. 28,30 are valid
as long as vFps > �el. Here �el is the broadening width which, generally,
depends on the value of �0(T ), the impurity concentration and details of
the scattering potential (See corresponding discussion in Refs. ?). At small
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3.2. Low temperature regime T ⌧ �0.

Low temperature quasiparticle kinetics in S and D-wave superconductors
have common features. Indeed, in both cases the low energies the density
of states is suppressed. Therefore, in both cases the quasiparticle concentra-
tion decreases with temperature more rapidly than in normal metal. Conse-
quently the electron-electron scattering rate is suppressed and the quasiparti-
cle energy relaxation is controlled by the electron-phonon scattering. In this
case there are two quasiparticle inelastic relaxation rates in superconductors.
The quasiparticle-phonon relaxation processes that conserve the number of
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3.2.1. The case s-wave superconductors

Since at small temperatures the quasiparticle concentration in s-wave
superconductors is exponentially small, the conventional contribution to the
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Note that the value of the conductivity �(p
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at zero superfluid
momentum, and T ⌧ � is exponentially low .

3.2.2. d-wave superconductors
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We note that at � � T � �, zero superfluid momentum conductivity
�(p

s

= 0) ⇠ �
D

is of order the Drude conductivity. ?.
Finally, in the limit T, v

F
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using Eq. 40 we get
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Debye contribution to the microwave absorption 
coefficient is a non-monotonic function of the 
superfluid momentum.



Near the nodeal line the non-analytical energy 
dependence of the density of states is smeared by 
elastic scattering, and  conductivity becomes  an 
analytical fuction of the superfluid momentum  

P.A. Lee



The Debye contribution to the non-linear conductivity, 
proportional to tin exists even in the absence of 
supercurrent
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The threshold for the nonlinear 
conductivity is anomalously low.  It 
is non-analytic in Ew



r
LH

Microwave field penetrates into bulk superconductors to distances 
of the order of the penetration length of the magnetic field LH. 
Roughly, half of the quasiparticles relevant for the Debye 
mechanism have energies less than D. 
So they are trapped near the surface. 

The Debye contribution to the conductivity of bulk 
samples is of the same order as in the case of films with 
thickness less than LH
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where �D is Drude conductivity.
In a case or relatively pure sample �⌧el � 1 the quasiparticle energy in the presence of the superfluid velocity has

a form ✏̃p = ✏p + pVs . Thus in this case we have the energy dependence of the density of states

⌫(✏,Vs) = (11)

In dirty case

Usadel (12)
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Thus in the presence of the superfluid velocity the pecularity ofthe density of states at ✏ = � is broadened in the
interval of energy of order
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At �✏ ⌧ �, and |T � Tc| ⌧ T the main contribution into the integral in Eq. ?? comes from the energy intervals
✏�� ⇠ �✏, which is much smaller than T . On the other hand the inelastic relaxation processes are characterized by
the energy transfer of order T . Therefore the relaxation time approximation in Eq. ?? is asymptotically exact.

Substituting Eqs. ??,?? into Eq. ?? we get the expressions for the conductivity.
It is interesting that at temperature smaller than Tc the conductivity has the same order as that near Tc. In this

limit there are two characteristic quasiparticle relaxation times quasiparticle -phonon scattering time ⌧st and the
recombination time ⌧r
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is a dimensionless concentration, and�(0) ⇠ Tc is the value of the gap at T = 0. Since the Debye relaxation mechanism
is controlled by the longest relaxation time in the system, which in this case is ⌧in,r, then the exponentially small
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is a dimensionless concentration, and�(0) ⇠ Tc is the value of the gap at T = 0. Since the Debye relaxation mechanism
is controlled by the longest relaxation time in the system, which in this case is ⌧in,r, then the exponentially small
factor e��/T cancels from Eq. 3. However, the freuency interval ! < 1/⌧in,r where the conductivity is proportional
to ⌧in(Tc) decreases exponentially with the temperature.

As Vs ! 0 the described above contribution to the linear conductivity vanishes. However, .... manifests itself in
the non-linear conductivity. If E0 ⌧ Ẽ, then
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Thus the non-linear contribution to the conductivity becomes larger that the liner one provided
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Presented above results are valid not only for thin superconucting films but also for bulk superconductors. Indeed,
in the latter case at su�ciently small frequencies the electromagnetic field penetrates into the sample on a distance
of order the penetration length of magnetic field � =

p
Ns. According to Eqs. 12,14 on this distance the is a finite

quasiparticle density of states at ✏ < �. In other words the quasiparticles with ✏ < � are trapped near the surface,
and relaxation of their non-equilibrium distribution is controlled by the inelastic relaxation time. Their contribution
to the absorption coe�cient are of the same order as Eqs. 3,4.
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Conclusion

The Debye contribution to the conductivity in 
superconductors is proportional to the inelastic relaxation 
time rather than to the elastic one. It controls the superfluid 
momentum dependence of the conductivity, and it  may be 
much larger than the conventional contribution.

Such contribution to the linear conductivity exists only in the 
presence of supercurrent and it is strongly anisotropic. 

The Debye contribution to the non-linear conductivity exists 
even in the absence of the supercurrent.
Energy relaxation rate may be determined from microwave 
absorption measurements.


