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Introduction

Motivation

FQHE as exotic isotropic parity breaking fluid

Isotropic fluids with broken parity in 2d

Manifestation of odd/Hall viscosity in the bulk and on the boundary

Variational and Hamiltonian formulation of fluid dynamics

Role of topological terms in boundary conditions
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Introduction

Isotropic fluids with broken parity

e Rotating He-II, plasma in magnetic field, He3-A films
o Quantum Hall fluids (Gromov, AA "13-15)

o Vortex fluids (Wiegmann, AA, '14)

o Chiral active fluids (Souslov, Banerjee, Vitelli, AA, ’17)

a T T T >
1nm 1um >1 mm
© -= electron r
) Molecular Active Driven
= magnetic field motors colloids grains

Two-dimensional fluids!
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Introduction

Introduction: Hydrodynamics

Separation of scales and emergence

Local equilibration
e Symmetries and conservation laws, universality

o Gradient expansion

Hydrodynamics

Role of symmetries: conservation laws + restrictions on constitutive relations
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Introduction

Remark: Macroscopic hydrodynamics

e Typically hydrodynamics is derived from microscopic theory, e.g., using kinetic
equation

e However, one can also start with hydrodynamic equations and average them over
even bigger scales

o This approach is known as “macroscopic hydrodynamics”

e Early example: Hall-Vinen-Bekarevich-Khalatnikov (HVBK) hydrodynamics (Hall,
Vinen ’56, Hall, ’58, Mamaladze, Matinyan ’60, Bekarevich, Khalatnikov '61 (review
Sonin)

@ Collection of vortices in rotating He-II is considered as an effective medium obeying
HVBK hydrodynamics
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Introduction

Example: Barotropic fluid

Two conserved quantities p and p;

Op+0;5; =0 mass conservation

Op; + 05115 =0 momentum conservation

Ji - mass current, II;; momentum flux tensor, should be expressed in terms of p, p; and

gradients using symmetries (isotropy, Galilean invariance, ... ).
Ji=pvi+ ...
P = pv; + ... constitutive relations
Hij = Piv; +p(5ij + ... = pv; —T;;
p=p(p)

Zero-order barotropic fluid dynamics. Continuity and Euler equations for p and v;.
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Fluid dynamics with odd viscosity and odd surface waves

Barotropic fluid: first order hydro

Continuity equations (no external forces):
dp+0iji =0,
Opi + 0j(pivj) = 0515 -

Constitutive relations might have terms linear in gradients

Ji = pvi + A0} p, i = pu;, p=p(p),

Tij = —p5ij + ne(ﬁivj + 8]'%‘ — 6¢j8kvk) + 77b5ijakvk- + GOJ(SZ‘J‘ + Uo(aiv; -+ a:vj)
shear viscosity bulk viscosity odd pressure odd viscosity

* —

ai = ea; — rotation by 90° clockwise — breaks parity!
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Fluid dynamics with odd viscosity and odd surface w:

Hall (odd) viscosity

a; = €' a; — rotation by 90° clockwise — breaks parity!
T35 = vep(Oivj + Ojv;) T = vop(0iv; + 0 vj)
Te
i ’IZL‘;l

’ T?,

e 17

T3 J
Dissipative non-dissipative (dispersive)

Avron, Seiler, Zograf, 1995; Avron, 1998

o
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Fluid dynamics with odd vis

and odd surface waves

Measuring Hall viscosity

TRANSVERSE MOMENTUM TRANSPORT IN VISCOUS FLOW OF DIATOMIC
GASES IN A MAGNETIC FIELD

J.KORVING, H.HULSMAN, H.F.P.KNAAP and J.J.M. BEENAKKER Science REPORTS
Kamevlingh Onnes Laboratory, Leiden, The Netherlands

Received 1 March 1966 Cite as: A. I. Berdyugin et al., Science
10.1126/science.aau0685 (2019).

o . . ] .

1t is proved experimentally that, in a magnetic field, transverse momentum transport occurs in viscous Measurlng Hall VISCOSIty Of graphene s eleCtron ﬂuld

flow of diatomic molecules. The experimental results agree with theoretical calculations. The sign of the A.L Berdyugin', S. G. Xu'?, F. M. D. Pellegrino®*, R. Krishna Kumar'?, A. Principi’, . Torre’, M. Ben Shalom'?, T. Taniguchi’,
ic ratio can be i K. Watanabe®, I. V. Grigorieva', M. Polini'’, A. K. Geim"*, D. A. Bandurin'*

nature

. ARTICLES
physics

hitps://doi.org/101038/541567-019-0603-8

The odd free surface flows of a colloidal —
chiral fluid

Vishal Soni'®, Ephraim S. Bililign ©#, Sofia Magkiriadou'’#, Stefano Sacanna©?, Denis Bartolo?®,
Michael J. Shelley** and William T. M. Irvine ®*




Fluid dynamics with odd viscosity and odd surface waves

» consider fluid dynamics of

e two-dimensional fluid
e compressible

@ isotropic

e parity breaking

e non-vanishing Hall (odd) viscosity
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Fluid dynamics with odd viscosity and odd surface waves

» consider fluid dynamics of

e two-dimensional fluid

e compressible

@ isotropic

e parity breaking

e non-vanishing Hall (odd) viscosity

e no external magnetic field or Coriolis force
— no gap in the bulk
— not directly applicable to Quantum Hall fluids
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Fluid dynamics with odd viscosity and odd surface waves

» consider fluid dynamics of

e two-dimensional fluid

e compressible

@ isotropic

e parity breaking

e non-vanishing Hall (odd) viscosity

e no external magnetic field or Coriolis force
— no gap in the bulk
— not directly applicable to Quantum Hall fluids

Goals: variational principle, Hamiltonian, boundary dynamics
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Fluid dynamics with odd viscosity and odd sur

Compressible hydro with v,

Continuity: Ji = pu;
Op + 0i(pv;) =0 P

Momentum conservation: Di = pU;
9 (pvi) + 9j(pvivy) = 0;T;;
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Fluid dynamics with odd vis y and odd surface waves

Compressible hydro with v,

Continuity: [ B + Oi(pvs) = 0 ] ji = puj

Momentum conservation:

i = PU;
[ Or(pvs) + 95 (pvivj) = 0;T;; ] be=p

Important: we identified mass density current and momentum density!
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Fluid dynamics with odd viscosity and odd surface waves

Compressible hydro with v,

Continuity: [ B + Oi(pvs) = 0 ] ji = puj

Momentum conservation:

i = PU;
[ Or(pvs) + 95 (pvivj) = 0;T;; ] be=p

Stress tensor: T = —pbij + vop(9;v; + 0iv}) + vep(Oiv; + Ojvi)
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Fluid dynamics with odd viscosity and odd surface waves

Compressible hydro with v,

Continuity: [ Bup + B:(ps) = 0 ] Ji = pu;
t () i) —

Momentum conservation:

pi = pu;
[ O(pvi) + 95 (pvivj) = 0;T;; ]

No dissipation: [ Tij = —pdij + vop(0; vj + Opv]) ]
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Fluid dynamics with odd viscosity and odd surface waves

Compressible hydro with v,

Continuity: [ Bup + B:(ps) = 0 ] Ji = pu;
t () i) —

Momentum conservation: Di = pU;

[ O(pvi) + 95 (pvivj) = 0;T;; ]

No dissipation: [ Tij = —pdij + vop(0; vj + Opv]) ]

Boundary conditions
at y = h(x,t): E _») —o, Tz‘jng" —0.
ot n r

. s dp 02
Incompressible limit: dp = Cs — 0.
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Fluid dynamics with odd viscosity and odd surface waves

Contents of the talk

Preliminaries: fluid dynamics, variational principle, free surface etc.

Fluid dynamics with odd viscosity and odd surface waves

Variational principle and Hamiltonian formulation of hydro with odd viscosity

Free surface
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Preliminaries

Hamiltonian structure of barotropic fluid

Poisson’s brackets (notations p = p(x), p’ = p(a’) etc.)

{p.r'} =0
{p,vi} :8'(5 (x — )
{wi, ]} =— 811] — 0jv;)6(x — ')

Hamiltonian generating equations d;q = {H g}

H= /dm [”;’2 +€(p)]

Equations of motion (p = pe, — ¢)
Oyp + 0i(pvi) = 0, Byvi + (v;0))vi = —p~ 9.

Landau, ’41; Dzyaloshinskii, Volovick, "79

October 20, 2019 14 / 32
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Preliminaries

Casimirs

Infinitely many integrals of motion in 2d hydro:

n
In:/dx,o<w) . n=0,12,...
p

Conserved for any Hamiltonian!

{Inno} = 07 {ITL’ Ui} = O .

Degeneracy of Poisson structure, not symmetry of the Hamiltonian. I,, — Casimirs. This
degeneracy is an obstacle to getting variational principle.

{r.a}=r, H(p,qg — L(q,q’)zépd—H(p,Q)

Problem if k is not invertible — symplectic (Hamiltonian) reduction.
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Preliminaries

From Lagrangian to Fulerian description

O

. / T

Two descriptions:
o Lagrangian: z;(®q,t), ©;(Pa,t) Relabeling symmetry
o Eulerian: vy (x;,t) O, — Fp(®y)

e relation: 1) = T (P, t
relation: vg(z;,t) = ok (Pq, )%:%(mi’t)
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Prelimir

Variational principle for fluid dynamics

Action for barotropic fluid dynamics:

Slp, 0, a, B,v;] = —/dt/dm [p (uo + uvt — %vivi) +5(p)]

Notations
Uy = 0ul + adyf, uw=20,1,2; ¢=1,2

Relabeling symmetry: a — o+ f/(8), 0 — 0 — f(B).

Alexander Abanov (Stony Brook) Odd fluids in action October 20, 2019



Prelimir

Variational principle for fluid dynamics

Action for barotropic fluid dynamics:

Slp, 0, a, B,v;] = —/dt/dm [p (uo + uvt — %vivi) +5(p)]

Notations

Uy = 0ul + adyf, uw=20,1,2; ¢=1,2
Variation over v’ gives: vi=u; = 00+ ad;B, 1=1,2.
Variation over 6 gives: Op + 0i(pv;) = 0.

Other variations plus algebra give Euler equation (p = pe, —¢)

Ov; + (Ujaj)’Ui = —p_laip.

Alexander Abanov (Stony Brook) Odd fluids in action October 20, 2019



Preliminaries

Introduction: Free surface boundary conditions

Kinematic boundary condition. Fluid particle on a surface I' remains on a surface.
or
(E — 'v) =0 or Oth + v,0.h = vy .
n

Dynamical boundary conditions. Vanishing of stress forces on the boundary.

fi= Tijnj‘r =0 or Town =0, Ts, =0. two conditions
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Preliminaries

Luke’s variational principle
p

Consider the action defined for domain y < h(z,t):

(z,t) : .
Slp,0,a, B,v;] = /dt/dm/ dy [p <u0+uiv’ — %viv’) -1—5(,0)]
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Preliminaries

Luke’s variational principle

Consider the action defined for domain y < h(z,t):

(z,t) : .
Slp,0,a, B,v;] = /dt/dac/ dy [p <u0+uiv’ - %viv’) -l—a(p)]

Using bulk equations of motion we obtain the following.

Variation over 6 at the boundary gives the kinematic boundary condition

Variation over h(z,t) gives: the dynamic boundary condition p’r = 0 for free surface

As T;; = —pd;; the transverse dynamic b.c. is satisfied automatically.
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Preliminaries

Luke’s variational principle

Consider the action defined for domain y < h(z,t):

Slp,0,a, B,v;] = /dt/dﬂc/ 0 dy [p <u0+uwi—%vz‘vi) +€(P)]

Using bulk equations of motion we obtain the following.

Variation over 6 at the boundary gives the kinematic boundary condition

Variation over h(z,t) gives: the dynamic boundary condition p’r = 0 for free surface

As T;; = —pd;; the transverse dynamic b.c. is satisfied automatically.

The action encodes both bulk hydro and free surface boundary conditions
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Preliminaries

Remarks on boundary conditions: Free surface

Op + 0i(pv;) =0, (%5—1))71:0
Oipi + 9;(pivj) = 05T , Tz‘jnj’F =0
Constitutive relations. a; = €;;a;
Pi = PV, pi = pvi + 80 p,
Tij = —pdij , T = —(p - gl)w) Oij — gp(@'v}‘ + 0jvj) — %P(akvk)ez‘j :

Bulk equations for p and v; are identical for both cases but
dynamic boundary conditions are different!
The corresponding actions must differ by boundary terms.

Alexander Abanov (Stony Brook) Odd fluids in action October 20, 2019



Preliminaries

Boundary vorticity layer

@ In the presence of viscosity the solution of surface wave problem cannot be potential
everywhere!

e Tangent stress at the boundary due to the boundary motion results in the vorticity at
the boundary.

e Oscillating boundary layer forms (similar to Lamb ’32, without Hall viscosity).
e Hall viscosity modifies the structure of boundary layer.

e Our goal is to write equations for effective dynamics of the boundary assuming that
the boundary layer is very thin in the incompressible limit ¢ — co.
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Preliminaries

Boundary vorticity layer

VofCs ~ 8 KD <K\, w ~ DQes /v, wd ~ D)
AA, T. Can, S. Ganeshan, G. Monteiro, arXiv:1907.11196
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Preliminaries

Linear odd surface waves

3.0
1.0 25
05 20
>
o G115
1.0}
-0.5
— Bulk
1.0 0.5 — Boundary ]
0.0
- (X, y,1 - -
05 210 -5 0 5 10 15w -2 ! 0 1 2

For small k: Q= —2u,k|k|.
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Preliminaries

Chiral Burgers Equation

Weakly nonlinear surface waves for incompressible fluid with odd viscosity are described
by Chiral Burgers Equation ~ AA, T. Can, S. Ganeshan, SciPost Phys. 5, 010 (2018)

U + 2uty — 2iVpUgy = 0 ]

u(z) is a complex function, u(x + iy) is analytic in the lower half-plane Im (z) =y < 0.

Relation to original variables

U = Vg + 10y ’
r

Dobrokhotov, Maslov, Tsvetkov, '92; Senouf, Caflisch, Ercolani, 96
Cf. Kuznetsov, Spector, Zakharov, 94
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Preliminaries

Applications

* /\/\/\/\
chiral wave (left moving) ol /N /A AN
propagates in the absence of gravity 2 0o /

.. . = ) E:
in linear regime Q) = —2v,k N |
-0.2 a=0.2
J V V J — a=0.1 |
Cf. Lushnikov, '04 2 = ’ : -

X
21(0)=—4+i0.5, z,(0)=4+i1.5
70 — t=0.3
J

60" — t=1.0
500 — t=14

action



Variational principle with odd viscosity and free s

Bulk

Parity breaking term, first order in gradients

Smlp, 0, o, B, vi] = —/dt/d% [p (uo + uv' — 30?) + 6(p)—yovi8§‘p]
M

where uy = 0l + ad,p,

Variation over v; gives vy = u; — V0] Inp.

The action produces equations for 6, p, , 5 which imply hydrodynamics with
Tij = —pdij + vop(Oivj + 0;vj) .

The extra term in the action is equivalent (up to boundary terms) to vypw.
Gives “wrong” boundary conditions, e.g., Vtangent = 0.
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Variational principle with odd viscosity and free surface

Boundary

We consider domain M : y < h(z,t) with boundary I' : y = h(z,t)

The boundary action:

Selp 6. h] = ~vo [ dt [ dz [phhu + 66— 260/5T+13)

with p(x,t) = p(x, h(z,t);t) produces correct dynamic boundary conditions for the fluid
with v,.

Remark: ¢-field is needed to make the action boundary reparametrization invariant. It
can be integrated out for the price of non-locality.
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Variational principle with odd viscosity and free surface

Main result: Hydro action with Hall viscosity

The action
S =5Spm+ St
Smlp, 0, o, B, = —/dt/d% [p (uo + uiv’ — %vf) +5(p)—uov¢8i*p}

Srlp, ¢, hl /dt/da: p haht 4 Gr —%MW]

gives both bulk hydrodynamic equations and free surface boundary conditions for
two-dimensional compressible fluid with odd viscosity.

Remark: Adding temperature or external gauge field to the action is rather
straightforward.

AA, T. Can, S. Ganeshan, G. Monteiro, arXiv:1907.11196
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Variational principle with odd viscosity and free surface

From action to Poisson structure (bulk)

It is straightforward to derive Hamiltonian structure from the action. The (bulk)
symplectic part pug is conventional and we obtain for p and u; standard PBs.

&uj — 8ju2-

i} =0, Apuij=0d(e—a), {uuj}=——"—

§(x — ).

v; =u; — V.0 Inp —  modified brackets for p and v;.
Immediate consequence:

WA
n_/dxp() /dmp(“”pnp>, n=0.1.2 ...

are Casimirs of hydro with odd viscosity.
Remark: in external magnetic field w — w + B.
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Variational principle with odd viscosity and free surface

From action to Hamiltonian

Remarkably the Hamiltonian for the constructed action is the same:

H:/de ['0;)2—|—6(p)] .

Only Poisson structure changed!
Few remarks:

e Similar situation occurs in the presence of magnetic field or system’s rotation. Odd
viscosity is a higher gradient analogue of those.

e Reminds topological terms which do not change stress-energy tensor. However, the
momentum density did change implying non-trivial coupling to time components of
the metric.

e Similarly to topological terms odd viscosity does change boundary dynamics in a
profound way.
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Variational principle with odd viscosity and free surface

Conclusions

@ Chiral Burgers equation describing nonlinear boundary dynamics in incompressible
limit is derived for fluid with odd viscosity

@ Few exact solutions of the chiral Burgers equation are obtained

Variational principle for incompressible fluid with Hall viscosity and free surface is
constructed

@ A non-trivial boundary term is needed to give correct boundary conditions

@ The odd viscosity terms modify conventional Poisson’s brackets in Hamiltonian
formulation.
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Variational principle with odd viscosity and free surface
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