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Search for NEE phase
in a finite range of paramters. 

AT

3D Anderson model: 
NEE states only at 

the AT point.

Ergodic extended (EE) Localized (LOC)Extended but not 
ergodic (NEE)



Finite number of occupied sites   
in thermodynamic limit

Finite fraction of occupied sites

Infinite number of occupied 
sites but zero fraction of all sites 

in the thermodynamic limit
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Map of the regions with amplitude 

larger than the chosen level
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But…
Cuevas,VEK,Ioffe, 

Altshuler (unpublished)

jump ~3σ !
Marker of phase transition?
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nmHSpecial diagonal: 
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<<= γ
λσ
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0nmH = NxN
matrix, 

uncorrelated
random 
entries

Simplest non-invariant RMT

Scaling with 
matrix size
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Multifractal 
phase

Ergodic 
transition

Anderson 
transition

V.E.K.,  I.M. Khaymvich, E. Cuevas, M. Amini,              
New J. Phys., v.17, 12202 (2015)
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Two-point Green’s function G0,r 
on a tree is an effective transmission matrix  element

Finite fraction of all distances r on 
RRG are at a maximal distance

d=lnN/lnK

0,nm d
H G G= ≡

Only two distribution functions: P(ε) 
for diagonal and P(G0,d) for off-

diagonal matrix elements
=Rosenzweig-Porter RMT

RRG
N=10^13

r
K Approximation:  neglect 

all other distances!

~ exp[ ]rλ−  
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RRG    -->
“multifractal” log-normal 

distribution  with p=1

λ(W) = 
Lyapunov

exponent on a 
tree with 

branching K

p-extension:

Exact for NLσM,  g>>1

Good for K=2 up to the 
AT point



/2exp[ ln ] ~typG G N
γ= /2~ avG N

γ

(1 / 2)av pγ γ= −

Averaged off-diagonal matrix elements have 
different scaling in N compared to the typical ones: 

effect of tails in the distribution
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For a tree (or 1D system):

Basic symmetry 
on a tree

F(y)=F(1/y)

P(1/G)=G  P(G)

p=1                               
is a symmetry parameter
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NLσM,  g>>1



Localization transition:  few 
sites resonant with a given one 

(Anderson’s criterion):

0~
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N G N
Truncation of 
lognormal at 
G~W~O(1)
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Breit-Wigner width Γ is of 
the order of disorder 

strength W (Mott’s criterion)

2 2 0~ ~
W

N G W N
Truncation of 
lognormal at 
G~W~O(1)

2 2 1~ ~ ~
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N G G Wδ ρ δ −Γ ≡ ∑

G>W lead to states at the Lifshits tail 
whch do not contribute to δtyp



p=1 corresponding to RRG is a 
three-critical point
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Sensitive to 
localization transition

Sensitive to ergodic 
transition

One and the same disorder realization. Neighboring 
states strongly correlated in extended phase and 

uncorrelated in localized phase

Different disorder realizations for ϕ and ψ. Correlated 
only in the ergodic phase
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ξ∼|γ−γc| -ν



Merging of two transition points at γ=4
Two different critical exponents: 

ν=1/2 and ν=3/4                           
(two critical lengths)

For a BL case see 
Efetov’s

“Supersymmetry” 
book, 1990



Three-
critical 
point



Mirlin and Fyodorov 1992
Tikhonov and Mirlin, 2018
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Zero-dimensional Efetov’s supermatrices: 
non-zero space modes are neglected

i.i.d. off-diagonal matrix elements

K

Zero-dimensional 
RP random 

matrices

Equivalent 
APPROXIMATIONS?



� Rosenzweig-Porter RMT corresponding to RRG 
and its p-extension

� “Multifractal”, tailed distribution of off-diagonal 
matrix elements

� RRG symmetry requirement p=1
� Criteria of localization and ergodicity
� Phase diagram for log-normal RP RMT; p=1 is a 

three-critical point
� Kullback-Leibler statistics of eigenvectors
� Numerical characterization of Anderson and 

Ergodic transitions in logarithmically-normal RP 
RMT, critical length and exponents ν


